Abstract A reduced-order modelling (ROM) strategy is pursued to achieve a mechanistic understanding of jet flow mechanisms targeting jet noise control. Coherent flow structures of the jet are identified by the proper orthogonal decomposition (POD) and wavelet analysis. These techniques are applied to an LES data ensemble with velocity snapshots of a three-dimensional, incompressible jet at a Reynolds number of Re = 3600. A low-dimensional Galerkin model of a three-dimensional jet is extracted and calibrated to the physical dynamics. To obtain the desired mechanistic understanding of jet noise generation, loudest flow structures are distilled by a goal-oriented extension of the POD approach we term 'most observable decomposition' (MOD). Thus, a reduction of the number of dynamically most important degrees of freedom by one order of magnitude is achieved. Capability of the presented ROM strategy for jet noise control is demonstrated by suppression of loud flow structures.
Introduction
Jets from engine exhaust constitute the most important noise source of civil aircrafts during take-off. The noise level exceeds those of other sources like fan, combustion, and airframe noise. Hence, the suppression of jet noise has been actively pursued from the beginning of civil air traffic with jet engines, leading mainly to larger bypass ratios. As the engine diameter reaches its practical limit, further noise reductions will benefit from an intuitive understanding of the mechanisms responsible for noise generation in turbulent, subsonic jets. Yet, this understanding is still in its infancy after more than five decades of jet noise research (cmp. e.g. [51] ). The complexity of this problem is ascribed to the high dimensionality and broadband spectrum of the flow state attractor.
Currently, an opportunity for model-based jet noise reduction is opening up by the rapidly evolving field of reduced-order modelling (ROM) (cmp. [63] ). Performance of ROM for flow control purposes is demonstrated for control of vortex shedding behind circular and D-shaped cylinders [65, 66, 2, 31, 48, 72, 19, 67] and control of cavity oscillations [36] . Reduced-order models have also enabled successful feedback control in shear flow experiments, e.g. for bluff-body drag reduction and mixing enhancements [23, 52] . Requisites for empirical analyses and modelling are data bases provided by computational aeroacoustics. Here, direct numerical simulations (e.g. [18] ) and large eddy simulations (e.g. [10, 3] ) contribute to the understanding of experimental data (e.g. [24] ). Similar efforts are undertaken by vortex-filament models [22, 69, 44, 70] .
Targeting the distillation of the desired mechanistic understanding for jet noise reduction, we pursue a ROM strategy, including the tasks of structure identification, dynamical modelling and control design (cmp. figure 1 ). Therefore, a velocity snapshot ensemble of an incompressible jet at Reynolds number Re = 3600 is utilised, provided by a large eddy simulation (see [33, 7] and the references therein).
A main ROM challenge is represented by flow structure identification, tailored for the purposes of modelling and control. Constituting a class of flow representations, coherent flow structures are known to be a cause of the noise, as noted already in Lighthill's classical paper in 1952 [35] . Indeed, the frequency of the local noise source scales approximately inversely with the size of the coherent structures [43] . That size increases in the streamwise direction by vortex merging, leading to a decrease of the dominant frequency. This relationship has been experimentally corroborated and employed in surprisingly effective frequency slice models [56] . Commonly, coherent structures are extracted from POD, decomposing the flow velocity most efficiently for the resolution of total kinetic energy. In present jet POD studies (e.g. [73, 21, 17] ), POD dimensions of O(100) of dynamically important degrees of freedom are revealed, which poses a serious challenge for model-based noise control. The POD method and POD analysis results for the incompressible jet are presented in section 3.
Further key enablers for structure identification are represented by wavelet techniques, which were used to study turbulence in already in the early nineties [11, 39] . Since then different directions for wavelets and turbulence have been explored, e.g. signal processing approaches, interpretations in the multifractal community, cospectra, analysis and eduction of coherent structures using experimental data. In [15, 13] the Coherent Vortex Simulation (CVS) approach was introduced to compute and to model turbulent flows. The idea of CVS is to combine nonlinear approximation with denoising and, additionally, to exploit the properties of wavelets for numerical analysis. Wavelets yield attractive discretisations for operator equations. They allow auto-adaptive discretisations by estimating the local regularity of the solution. Furthermore, many integral and differential operators have a sparse representation in a wavelet basis and can furthermore efficiently be preconditioned using diagonal scaling. For a review we refer to the book of Cohen [6] . The idea of CVS is based on filtering turbulent flows using adaptive multiresolution techniques.
Here the flow is split into two parts, a coherent flow, whose evolution is deterministically computed in an adaptive basis, and an incoherent flow, which is noise-like and whose effect on the coherent flow is modelled. Applications of this filtering, called Coherent Vortex Extraction, have been presented for homogenous isotropic turbulence [14, 12, 50] , for mixing layers [62] and for shear and rotating turbulence [28] . In this contribution methods and results of CVE are described in section 4.
To distill the desired mechanistic understanding for noise control, an acoustically optimised POD extension is applied for the identification of 'loud' coherent flow structures. In previous studies of compressible jets and mixing layers, typically a dimension reduction by one order of magnitude is achieved by this method, termed 'most observable decomposition' (MOD) (cmp. [61, 60, 29] ). In these investigations, MOD modes exhibit the loudest flow structures which are interpreted in terms of known physical processes. In comparison to similar generalisations of the POD method (cmp. [16, 25, 4, 37, 17, 53] , MOD is more tailored for the purposes of flow control: beside MOD's aeroacoustical least-dimensionality MOD features additional optimal properties as a design parameter. Thus, two MOD variants are proposed for controller and observer design. The reduction of the total kinetic energy in the subspace of the 'least-energetic' variant of MOD modes causes a reduction of the far-field fluctuation, thus enabling noise suppression by conventional energybased control. The reconstruction of flow states from given aeroacoustic data, using e.g. dynamic observers, is supplied by the second variant of MOD modes, the 'leastresidual' MOD modes. The MOD analysis and its results for the incompressible jet are contained in section 5.
Building on the kinematic results above, a further key enabler for flow and noise control is a portfolio of Galerkin modelling techniques addressing configurationspecific physical problems of dynamical systems. The challenges for model-based control of turbulent shear flows have been addressed by auxiliary models for the pressure term, unresolved turbulence, missing dynamically important phase space directions, compressibility effects and actuation effects [41, 34, 42, 71, 31, 46, 47, 75, 49] . Furthermore, turbulence effects are modelled by a turbulence closure generalising the ansatz of finite-time thermodynamics (FTT) [45] . This closure allows to predict the first and second moments of Galerkin modes, including the effects of fine-scale structures. For the prediction of first and second moments, effects of turbulent small-scale structures are modelled by a novel, model-based turbulence closure generalising the ansatz of finite-time thermodynamics (FTT) [45] . This FTT closure enables further system reductions and fine-scale turbulent representations respecting momentum and energy balance equations for each mode. FTT has already been successfully applied to wake flows, mixing layers and homogeneous shear turbulence, i.e. examples of simple, medium and broadband dynamics.
For the first time, a Galerkin model of the three-dimensional round jet is extracted in section 6 -utilising above mentioned ensemble of LES velocity snapshots. Thus, existing Galerkin models of rectangular and planar jets are supplemented (cmp. e.g. [40, 20] and references therein). In the outlook of this contribution (section 7), capability of the presented ROM strategy for jet noise control is demonstrated by first results from applications. 
Configuration and data base
A snapshot ensemble of a three-dimensional incompressible jet at Reynolds number Re = 3600 is provided by large eddy simulation (LES). Details of the numerical simulations are illustrated in [33, 7] . For the subsequent empirical analyses, 3000 snapshots of velocity and pressure field in the post-transient regime are available in a domain extending 17D (D=jet diameter) in the streamwise x-direction and out to ±3.5D in transverse y-and spanwise z-direction. In our computations, equations are discretised by a 128 × 128 × 128 mesh of grid points, equidistantly distributed in each direction. The 3000 snapshots are equidistantly distributed over a time interval of 300 convective time units (∆t = 0.1). Furthermore, the three-dimensional vorticity field is provided for the last 1000 snapshots.
The aeroacoustic far-field is monitored by the signals of 76 far-field sensors, situated at a linear array in the zero plane of the spanwise component (cmp. figure 2 ). The linear array is parallel to the jet axis with a distance of 30D. The sensors are equidistantly distributed from x=0D to x=75D. The aeroacoustic field is computed by a Green's function-based solver described e.g. in [27] . The solver is validated against the results of a Ffowcs-Williams Hawkings solver for a Ma = 0.9 jet configuration at the same Reynolds number (cmp. [21, 38] ). Thus, aeroacoustic far-field data (cmp. figure 3 ) are provided in an interval of 100 convective time units based on the LES data described above. 
Coherent structure analysis

The proper orthogonal decomposition (POD)
A frequently employed method to extract coherent flow structures is represented by POD of the flow velocity u (see e.g. [26] ). In the POD approximation, the velocity fluctuations u ′ are approximated by the linear expansion into POD modes u i
where the a i := (u ′ , u i ) Ω are defined as mode coefficients of the POD modes, latter forming an orthogonal set in the topology of the L 2 Hilbert space with the inner product (g, f) Ω := Ω g · f dx. POD yields least-order modal expansions for any given resolution of total kinetic energy
f dt is utilised. The mathematical statement of optimality of POD is that the averaged projection of the hydrodynamic fluctuations onto the POD modes is maximised for a given number of POD modes. The POD modes represent the critical points of the maximum problem
formulated in a subspace H u of the Hilbert space L 2 , satisfying regularity, incompressibility and boundary conditions. By calculus of variation, POD modes thus can be defined to be the eigenfunctions of the POD Fredholm integral equation
where ⊗ denotes the outer product of two vectors. Hilbert-Schmidt theory assures, that there is a countable infinity of eigenvalues λ u i , representing the double of total kinetic energy K Ω (u), resolved by each mode. Typically, POD modes are sorted by the size of these POD eigenvalues, starting from the largest eigenvalue λ u 1 . Commonly, the POD decomposition is computed by Sirovich's POD snapshot method [68] based on a given ensemble of velocity snapshots. Application to further fields (e.g. vorticity, aeroacoustic pressure) obtains POD modes which decompose these field most efficiently for the resolution their fluctuation level (in the mentioned examples, these are the time averages of enstrophy and noise respectively). Further details of POD can be found e.g. in [26] .
POD results
Every third time step of the three-dimensional velocity snapshots is employed for POD analysis (1000 snapshots with ∆t = 0.3). First and higher POD modes of the incompressible flow are visualised in the figures 4 and 5. The most energetic structures are dominated by longitudinal streaks downstream from the breakdown of the potential core. Helical structures become more dominant in higher modes. 90% of total kinetic energy of the incompressible jet is resolved by 284 modes (cmp. figure 6). Thus, POD reveals a large number of dynamically important degrees of freedom, which enables flow modelling but is not practical to derive the desired mechanistic understanding (cmp. figure 6 ). These results are consistent with well-known previous investigations (cmp. e.g. [21, 17] ).
A similar POD analysis is employed for the last 1000 snapshots of the vorticity fields (∆t = 0.1). Here, POD reveals even higher dimensions than the POD analysis of the corresponding velocity snapshot ensemble (1000 snapshots, ∆t = 0.1). 215 POD modes are needed to resolve 90% of time averaged enstrophy while 90% of total kinetic energy of the corresponding velocity is resolved by only 101 POD modes (cmp. figure 7) . 
Wavelet based coherent vortex extraction
Coherent Vortex Extraction (CVE) method
Coherent vortices are observed in many turbulent flows which seem furthermore to be imbedded in a random background sea. Hence, a denoising procedure may allow to eliminate the noise in a given flow realization and the remaining part can then be called coherent vortices. In [15, 14] , a wavelet-based method to extract coherent vortices out of both two-and three-dimensional turbulent flows was proposed, which is directly motivated by denoising. The idea is to apply the orthogonal wavelet decomposition to the vorticity field ω at a given time instant t with resolution N. In the following we first fix the notation for the wavelet decomposition of a three dimensional vector field and summarise the main ideas of wavelet based coherent vortex extraction. For more details on the orthogonal wavelet transform, its extension to higher dimensions, we refer the reader to textbooks, e.g., [8] . For more details on the coherent vortex extraction method we refer to the original papers.
A vector field u(x) is decomposed it into an orthogonal wavelet series
where The idea of of the coherent vortex extraction method can be summarised in the following three step procedure:
• Decomposition: compute the wavelet coefficients of vorticity ω λ using the fast wavelet transform.
• Thresholding: apply the thresholding function ρ ε to the wavelet coefficients ω λ , thus reducing the relative importance of the coefficients with small absolute value.
• Reconstruction: reconstruct the coherent vorticity ω C from the thresholded wavelet coefficients using the fast inverse wavelet transform. The incoherent vorticity ω I is obtained by simple subtraction, ω I = ω − ω C .
The thresholding function ρ corresponds to
where ε denotes the threshold.
The thresholding parameter ε depends on the variance of the incoherent vorticity σ n and on the sample size N. The threshold
is motivated from denoising theory [9] . However, the variance of the incoherent vorticity is unknown, and has to be estimated from the available total vorticity ω. As a first guess we take the variance of the total vorticity, which overestimates the vari- ance of the incoherent vorticity. Thus we split the field into coherent and incoherent parts and then take the variance of the incoherent vorticity as a new improved estimator. In [1] we have developed an iterative algorithm for this task, based on the method presented in [15] . Here we decided to perform one iteration step only which can be justified by the fast convergence of the iterative procedure and by the fact that the computational effort is minimised.
Using the above algorithm, the flow is decomposed into two parts: a coherent flow, corresponding to the coherent vortices, and an incoherent flow, corresponding to the background noise [15] . This decomposition yields ω = ω C + ω I . Due to orthogonality we have ω C , ω I = 0 and hence it follows that enstrophy is conserved, i.e., Z = Z C + Z I where Z = 
CVE results
The CVE method is applied to the vorticity of the turbulent incompressible jet at nondimensional time t = 130.1. The resolution of the computation is N = 128 3 .
The CVE method decomposes the total vorticity ω into coherent vorticity ω C and incoherent vorticity ω I . The results of the decomposition are summarised in table 1. Figure 8 shows the enstrophy kept in the N strongest wavelet modes. The threshold is ε D = 1.155, and the percentage of modes used to represent the coherent component of the vorticity field, a measure for the compression rate, is 4.75%.
Therefore, only a hundred thousand modes instead of two million modes are used to represent the coherent part of the flow field, which resolves more than 91% of the total enstrophy. To gain further insight we now consider the percentage of retained wavelet coefficients at different scale indices j. The scale index j is related to a mean wavenumber k j = k 0 2 j , where k 0 is the centroid wavenumber of the chosen wavelet [11] . The wavelet representation implies that there are 7 · 2 3 j wavelet coefficients at a given scale j. Table 2 shows the percentage of retained wavelet coefficients at the scale index j. At large scales, i.e., for j ≤ 2, almost all coefficients are retained and correspond to the coherent part. At smaller scales, where the total number of coefficients dramatically increases, the percentage of retained coefficients decreases strongly, and at the smallest scale only about 3% of the coefficients are retained. Figure 9 shows isosurfaces of vorticity at nondimensional time t = 130.1. The total vorticity shown in figure 9 (top) is characterised by well developed vortical structures. Those structures are retained in the coherent field, visualised in figure 9 (middle). The incoherent field, shown in figure 9 (bottom), contains no organised vortical structures and resembles noise. Its norm is about a factor 10 smaller with respect to the total vorticity.
The spectral distribution of the total, coherent, and incoherent enstrophy is compared in figure 10 . The spectra of the total and coherent fields coincide up to a wave number k ≈ 20, and a faster decay of the spectrum is observed for the coherent field in the dissipative range with wave-numbers k > 50. The spectrum of the incoherent field contains contributions at all wave-numbers but is significant only in the dissipative range. We also observe that the total and coherent spectra exhibit a k 1/3 range which is in agreement with Kolmogorov's k −5/3 law, as the enstrophy spectrum is k 2 times the energy spectrum. The spectrum of incoherent vorticity shows some k 4 scaling, which corresponds to energy equipartition, i.e. k 2 scaling of the energy spectrum. A study of the probability density functions (PDF) of vorticity yields information about the higher order statistics of the flow. Figure 11 shows the PDF of total, coherent, and incoherent vorticity. First, we observe that the PDF of the total and coherent vorticity almost perfectly coincide, and exhibit exponential tails. The PDF of the incoherent vorticity has a strongly reduced variance, and agrees reasonably well with the Gaussian.
Identification of loud jet flow structures
The most observable decomposition (MOD)
To obtain the desired physical understanding of jet noise generation, an aeroacoustically optimised extension of POD is proposed, termed most observable decomposition (MOD). This method is described in [61, 60, 29] in detail. Here, a short overview is given. In the following, hydrodynamic fluctuations and the fluctuations of the aeroacoustic far-field are considered to be prefiltered by POD decomposition via the approximations (1) and
in the given domains Ω and Γ of near-and far-field respectively. Modes and mode coefficients of the POD of the aeroacoustic far-field are denoted by p i and a p i , respectively.
The latter POD modes decompose the pressure far-field most efficiently for the resolution the aeroacoustic noise level. The main idea of MOD is to impose this optimality to the the optimality of the MOD approximation
of the hydrodynamic field, where the sense of optimality is defined by the optimal resolution of the goal functional, given by the correlated level
of fluctuations of the pressure far-field. From this perspective, the question of how to design optimality of MOD requires to know how to model the relationship of hydrodynamic field and pressure far-field. In the most observable decomposition, a linear relationship between the hydrodynamic and aeroacoustic fluctuations is proposed after the propagation time τ
where both fluctuation variables can be considered to be represented by the vector of the respective mode coefficients, applying the POD prefilter. Thus, the linear mapping C from hydrodynamic fluctuations onto fluctuations of the pressure farfield can be identified by linear stochastic estimation utilising the POD coefficients of hydrodynamic field and pressure far-field. In MOD, it is assumed that the main events of the generation of jet noise are captured in average by the linear mapping defined in equation (10) . Validity of this assumption is confirmed by a considerable body of physical evidence: the shear- Table 3 Minimum principles and control perspectives of the two types of MOD.
MOD variant 'least-residual' MOD (LR-MOD) 'least-energetic' MOD (LE-MOD)
minimum principle of minimisation of minimisation of MOD approximation flow attractor residual hydrodynamic fluctuation control goal flow reconstruction reduction of total kinetic energy by a dynamic observer energy causes reduction of correlated noise → energy-based jet noise control design noise originated from a linear source term of the velocity fluctuations been shown to dominate in free-jets in terms of the hydrodynamic, turbulent pressures [74] , and to correlate better with the far-field pressure than the self-noise originated from a quadratic source term of the velocity fluctuations [30, 32, 59, 64, 58, 51] ; In [5] it is furthermore demonstrated that the coherent flow structures generate noise via a linear mechanism in the region upstream of the end of the potential core. The MOD modes are obtained by the pseudoinverse images of the far-field POD modes 
MOD results
MOD results are obtained based on the POD results of subsection 3.2 and the aeroacoustic far-field data as described in section 2.
Dimension reduction capability by one order of magnitude in comparison to POD dimensions is demonstrated. 90% of correlated noise Z C Γ is resolved by only 33 MOD modes (cmp. Fig. 5.2 ). This result fits well with an MOD dimension of 24 for the Ma = 0.9 jet with the same Reynolds number, obtained in [29] . The first four LR-MOD modes are visualised in figure 13 , showing dominant helical structures around the breakdown region of the jet potential core reminiscent to results of [16] .
Galerkin modelling
A low-dimensional Galerkin model of the three-dimensional, incompressible jet is presented in this section. We employ 30 POD modes of the whole domain, representing 39% of total kinetic energy. The Galerkin systeṁ
is derived from the POD Galerkin approximation (1) with a standard projection on the Navier-Stokes equations [26] . The system coefficients are defined by l i j := (u i , ∆ u j ) Ω and q i jk := (u i , ∇ · (u j u k )) Ω , using the mean flow u 0 := u . To enhance compactness of notation, the coefficient a 0 ≡ 1 is introduced as well. Characteristic frequencies of the POD mode coefficients of the Navier-Stokes attractor are reproduced by the Galerkin model as illustrated in figure 14 . Following Rempfer and Fasel [55] , neglected fine-scale effects are modelled based on a calibration of modal turbulent eddy viscosities (cmp. [46] for further details). With this model, the coefficients amplitudes coincides as well (cmp. figure 14 again) . contained in the 'loud' LE-MOD velocity subspace, which is irreducible in respect to maintain the noise level. Thus energy-based Lyapunov design is pursued for the suppression of the energy flow into the LE-MOD subspace.
As one example of control, we have modelled plasma actuation, which have reduced jet noise in flow control experiments [57] by 0.5 to over 1.0 dB. Two plasma actuators, manipulating respectively the flow in streamwise and transverse direction at the breakdown of the jet potential core, are implemented into a 100 POD mode Galerkin model of the jet flow in thin layer parallel and symmetric to the z = 0 plane (cmp. [60] ). To identify the Galerkin system, an ansatz of Rempfer [54] is pursued, according to which Galerkin projections can be effected in infinitely thin slices. On this subdomain, 100 POD modes are still required to resolve more than 80% of total kinetic energy. The actuation of the two plasma actuators is implemented employing identification of volume forces as described e.g. in [46] . For stabilisation of the controlled simulation, third order terms are implemented in the Galerkin model.
Noise reduction by approximately 2 dB has been performed. Under action of the plasma actuators, the energy flow into the loud subspace is penalised based on Lyapunov control design. Thus, the most noise generating flow events are mitigated as shown in figure 15 .
In future application, a significant enhancement of noise reduction is expected from local actuations at the nozzle exit, implemented in the Galerkin model of the whole three-dimensional jet. Here, moreover, the modelling of the high-dimensional flow residuum via FTT opens the path to the first fully nonlinear infinite horizon control. In future applications. this form of control design is expected to overcome serious challenges of current (locally) linear design with vortex merging and multiple-scale physics.
Conclusions
A reduced-order strategy for jet noise control is proposed pursing the path of (i) identification and dynamic modelling of coherent structures, (ii) identification of loud structures and (iii) suppression of loud flow structures.
Coherent structures of the three-dimensional, incompressible jet are identified by POD analysis. 284 POD modes are required to resolve 90% of the total kinetic energy. Nonetheless, the dynamics of the most coherent structures, representing 39% of total kinetic energy, are reproduced by the 30-dimensional Galerkin model.
A wavelet-based coherent vortex extraction method was applied to LES simulations of a free jet. This method allows for an efficient extraction and analysis of vortical structures contained in such flows. It was found that few (4.75%) wavelet coefficients represent the coherent vortices of the flow. The results presented here motivate coherent vortex simulations of turbulent flows for aeroacoustics. First results of CVS for three-dimensional mixing layers are presented in [62] and are promising. Further analysis of vorticity structures, enstrophy spectra and higher-order statistics suggests that the dynamical information of the total field is retained by the coherent field. It can be anticipated that a temporal integration of the coherent field will result in an evolution similar to that of the total flow field. For the incoherent flow field a viscous decay of the fluctuations can be anticipated.
A mechanistic understanding for jet noise control has been extracted using an extension of POD, we term most observable decomposition [29, 61] . The most soundproducing dynamics of turbulent jets are identified by this method. An reduction of dynamically relevant degrees of freedom against POD is achieved from MOD application to the incompressible jet. Two variants of MOD are tailored for the purposes of noise control design.
In a first example of jet noise control, control capability of the proposed ROM strategy is demonstrated achieving an reduction of jet noise by 2 dB. From more comprehensive future investigations including the implementation of experimentally realisable actuations and FTT modelling (see [45] ), a significant enhancement of noise reduction is expected.
It should be noted, that the presented methods are applicable to experimental data, e.g. PIV measurements, as well.
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